Abstract. ξ-submanifold in the Euclidean space R m+p is a natural extension of the concept of selfshrinker to the mean curvature flow in R m+p . It is also a generalization of the λ-hypersurface defined by Q.-M. Cheng et al to arbitrary codimensions. In this paper, some characterizations for ξ-submanifolds are established. First, it is shown that a submanifold in R m+p is a ξ-submanifold if and only if its modified mean curvature is parallel when viewed as a submanifold in the Gaussian space (R m+p , e − |x| 2 m ·, · ); Then, two weighted volume functionals V ξ andV ξ are introduced and it is proved that ξ-submanifolds can be characterized as the critical points of these two functionals; Also, the corresponding second variation formulas are computed and the (W -)stability properties for ξ-submanifolds are systematically studied. In particular, it is proved that m-planes are the only properly immersed, complete W -stable ξ-submanifolds with flat normal bundle under a technical condition. It would be interesting if this additional restriction could be removed. It is well known that the self-shrinker plays an important role in the study of the mean curvature flow. In fact, self-shrinkers correspond to self-shrinking solutions to the mean curvature flow and describe all possible Type I singularities of the flow. Up to now, there have been a plenty of research papers on 2000 Mathematics Subject Classification. Primary 53A30; Secondary 53B25.
Introduction
Let x : M m → R m+p be an m-dimensional submanifold in the (m + p)-dimensional Euclidean space R m+p with the second fundamental form h. Then x is called a self-shrinker to the mean curvature flow if its mean curvature vector field H := tr h satisfies
where x ⊥ is the orthogonal projection of the position vector x to the normal space T ⊥ M m of x.
It is well known that the self-shrinker plays an important role in the study of the mean curvature flow. In fact, self-shrinkers correspond to self-shrinking solutions to the mean curvature flow and describe all possible Type I singularities of the flow. Up to now, there have been a plenty of research papers on self-shrinkers together with the asymptotic behavier of the flow. For details of this see, for example, [1] - [6] , [8] , [11] - [16] , [18] - [23] , [28] and references therein. In particular, the following result well-known (See Corollary 3.2 in Section 3):
An immersion x : M m → R m+p is a self-shrinker if and only if it is minimal when viewed as a submanifold of the Gaussian space (R m+p , e − |x| 2 m ·, · ).
In Mar., 2014, Cheng and Wei formally introduced ( [9] , finally revised in May, 2015) the definition of λ-hypersurface of weighted volume-preserving mean curvature flow in Euclidean space, giving a natural generalization of self-shrinkers in the hypersurface case. According to [9] , a hypersurface x :
is called a λ-hypersurface if its (scalar-valued) mean curvature H satisfies
for some constant λ, where N is the unit normal vector of x. They also found some variational characterizations for those new kind of hypersurfaces, proving that a hypersurface x is a λ-hypersurface if and only if it is the critical point of the weighted area functional A preserving the weighted volume functional V where for any x 0 ∈ R m+1 and t 0 ∈ R, with N the unit normal of x. Meanwhile, some rigidity or classification results for λ-hypersurfaces are obtained, for example, in [7] , [10] and [17] ; For the rigidity theorems for space-like λ-hypersurfaces see [25] .
We should remark that this kind of hypersurfaces were also been studied in [27] (arXiv preprint: Jul. 2013; formally published in 2015) where the authors considered the stable, two-sided, smooth, properly immersed solutions to the Gaussian Isoperimetric Problem, namely, they studied hypersurfaces Σ ⊂ R m+1 that are second order stable critical points of minimizing the weighted area functional A µ (Σ) = Σ e −|x| 2 /4 dA µ for compact (uniformly) normal variations that, in a sense, "preserve the weighted volume V µ (Σ) = Σ e −|x| 2 /4 dV µ ". It turned out that the Euler equation of this variation problem is exactly equivalent to the λ-hypersurface equation (1.2). As the main result, it is also proved that hyperplanes are the only stable ones under the compact normal variations "preserving the weighted volume".
In 2015, the first author and his co-author made a natural generalization of both self-shrinkers and λ-hypersurfaces, by introducing the concept of ξ-submanifolds ( [24] , arXiv preprint: 8 Nov. 2015). The main theorem of [24] is a rigidity result of Lagrangian ξ-submanifolds in C 2 , which is motivated by a result of [22] for Lagrangian self-shrinkers in C 2 . By definition, an immersed submanifold x : M m → R m+p is called a ξ-submanifold if there is a parallel normal vector field ξ such that the mean curvature vector field H satisfies
We reasonably believe that, if self-shrinkers and λ-hypersurfaces take places of minimal submanifolds and constant mean curvature hypersurfaces, respectively, then ξ-submanifolds are expected to take the place of submanifolds of parallel mean curvature vector. So there would be many properties of ξ-submanifolds that are parallel to submanifolds with parallel mean curvature vectors.
In this paper, we aim at giving more characterizations of the ξ-submanifolds, especially ones by variation method, the latter being more important since a differential equation usually needs a variational method to solve. For example, self-shrinker equation (1.1) has been exploited a lot by making use of variation formulas. As a main part of this paper, we also study the related stability problems.
The organization of the present paper is as follows:
In Section 2, we present the necessary preliminary material, including some typical examples;
In Section 3 we prove a theorem (Theorem 3.1) which generalizes (to ξ-submanifolds) a well-known result that self-shrinkers are equivalent to minimal submanifolds in the Gaussian space;
In Section 4, we introduce, for a given manifold M m of dimension m, two families of weighted volume functionals V ξ andV ξ in (4.1) parametrized by R m+p -valued functions ξ : M m → R m+p . Then we compute the first variation formulas (Theorem 4.1) which give that ξ-submanifolds are exactly the critical points of V ξ andV ξ with ξ suitably chosen (Corollary 4.2). We also compute the second variation formula of both functionals for ξ-submanifolds, in such a situation V ξ andV ξ being essential the same (Theorem 4.3).
In Section 5, Section 6 and Section 7, we study the stability problem of ξ-submanifolds. After checking that all the canonical examples are not stable in the usual sense (Section 5), we introduce in Section 6 the concept of W -stability and are able to prove that, among the typical examples given in Section 2, only the m-planes are W -stable (Theorem 6.1 and Theorem 6.2). Meanwhile we give an index estimate for the standard sphere (Theorem 6.2).
Finally in the last section (Section 7) we are able to prove the following main Theorem:
m+p be a properly immersed, complete and W -stable ξ-submanifold with flat normal bundle satisfying
where A ξ denotes the Weingarten map in the direction of ξ. Then x(M m ) must be an m-plane.
Then the following corollary is direct:
Corollary (Corollaries 7.2 and 7.3) Any properly immersed, complete and W -stable ξ-submanifold in R m+p with flat normal bundle must be an m-plane if the Weigarten map A ξ with respect to ξ vanishes.
In particular, Any properly immersed, complete and W -stable self-shrinker in R m+p with flat normal bundle must be an m-plane.
Consequently, the following problem is interesting:
Problem: Naturally we believe and expect that the additional condition (1.4) in Theorem 7.1 could be dropped; Furthermore, motivated by the main theorem of [27] , it is also expected, without any additional conditions, that the m-planes are the only properly immersed, complete W -stable ξ-submanilds or, if it is not the case, more examples could be found. Remark 1.1. Our discussion of variation problem for ξ-submanifolds naturally gives a motivation of variational characterization of the submanifolds with parallel mean curvature vectors in the Euclidean space. For the detail of this, see Remark 4.2 at the end of Section 5.
Furthermore, by using an explanation of the V P -variation with some kind of related (m+1)-dimensional volume enclosed by a compact ξ-submanifold, the isoparametric problem for submanifolds of higher codimension will be considered elsewhere in a forthcoming paper ( [26] 
ξ-sumanifolds-definition and typical examples
Let R m+p be the m-dimensional Euclidean space with the standard metric denoted by ·, · and x : M m → R m+p be an immersion with the induced metric g, the second fundamental form h and the mean curvature vector H := tr g h. Denote by T M the tangent space of M and define T ⊥ M := (x * (T M )) ⊥ to be the normal space of x in R m+p .
Definition 2.1 (ξ-submanifolds, [24] ). The immersed submanifold x : M m → R m+p is called a ξ-submanifold if the normal vector field H + x ⊥ is parallel in T ⊥ M , or the same, there exists some parallel normal field ξ ∈ Γ(T ⊥ M ) such that
Clearly, self-shrinkers of the mean curvature flow are a special kind of ξ-submanifolds.
The following are some typical examples of ξ-submanifolds:
Example 2.1 (The ξ-curves).
Let x : (a, b) → R 1+p be a unit-speed smooth curve (that is, with an arc-length parameter s). Denote by {T, e α : 2 ≤ α ≤ 1 + p} the Frenet frame with T :=ẋ ≡ ∂x ∂s being the unit tangent vector, and κ i the i-th curvature, i = 1, · · · , p. Then we have the following Frenet formula:
In particular, if there exists some i such that κ i ≡ 0, then it must hold that κ j ≡ 0 for all j > i. Sometimes we call κ := κ 1 and τ := κ 2 the curvature and the (first) torsion of x. Now the definition
, is equivalent tȯ
It follows that
x is a ξ-curve if and only if it is a plane curve with the curvature κ satisfyinġ
In particular,
x is a self-shrinker if and only if it is a plane curve with the curvature κ satisfying
where κ r is the relative curvature and N := ±e 2 is the unit normal of x pointing the left of T . Note that curves in the plane satisfying (2.5) are classified by U. Abresch and J. Langer in [1] which are now known as Abresch-Langer curves (see [22] ). An m-plane x : P m → R m+p (p ≥ 0) is by definition the inclusion map of a m-dimensional connected, complete and totally geodesic submanifold of R m+p . In other words, those P m s are subplanes of dimension m in R m+p that are not necessarily passing through the origin. Let p 0 be the orthogonal projection of the origin 0 onto P m and ξ be the position vector of p 0 which is constant and is thus parallel along P m . Clearly P m is a ξ-submanifold because H ≡ 0 and the tangential part x ⊤ of x is precisely x − ξ.
Example 2.3 (The standard spheres centered at the origin).
For a given point x 0 ∈ R m+1 and a positive number r. Define
the standard m-sphere in R m+1 with radius r and center x 0 . In particular, we denote S m (r) := S m (r, 0). It is easily find that S m (r, x 0 ) is a ξ-submanifold if and only if x 0 = 0.
In fact, since x − x 0 is a normal vector field of length r, the normal part x ⊥ of x is
⊥ is parallel if and only if x ⊥ is. This is clearly equivalent to that x, dx ≡ 0 which is true if and only if x 0 = 0. Example 2.4 (Submanifolds in a sphere with parallel mean curvature vector).
be a submanifold in the standard sphere S m+p (a) of radius a, which is of parallel mean curvature vector H. Then as a submanifold of R m+p+1 , x is a ξ-submanifold.
In fact, as the submanifold of R m+p+1 , the mean curvature vector of
Example 2.5 (The product of ξ-submanifolds).
Then it is not hard to show that x := x 1 × x 2 : M m → R m+p is a ξ-submanifold if and only if both x 1 and x 2 are ξ-submanifolds.
In particular, for any given positive numbers r 1 , · · · , r k (k ≥ 0), positive integers m 1 , · · · , m k , n 1 , · · · , n l (l ≥ 0, k + l > 0) and n ≥ n 1 + · · · + n l , the embedding
are all ξ-submanifolds.
As submanifolds of the Gaussian space
As mentioned in the introduction, the m-dimensional self-shrinkers of the mean curvature flow in the Euclidean space R m+p ≡ (R m+p , ·, · ) is equivalent to being the minimal submanifolds when viewed as submanifolds in the Gaussian metric space (R m+p ,ḡ) whereḡ := e − |x| 2 m ·, · . In this section, we generalize this to ξ-submanifolds to obtain our first characterization. In fact, we will prove a theorem which says that ξ-submanifolds are essentially equivalent to being submanifolds of parallel mean curvature in (R m+p ,ḡ).
For an immersion x : M m → R m+p , we use (· · ·) to denote geometric quantities when x is taken as an immersion into (R m+p ,ḡ) that correspond those quantities (· · · ) when x is taken as an immersion into (R m+p , ·, · ). So, for example, we have the induced metricḡ, the second fundamental formh and the mean curvatureH, etc. To make things more clear, we would like to introduce a "modified mean curvature" for the immersion x, which is defined asH = e − |x| 2 2mH . Now our first characterization theorem can be stated as follows: 
Proof.
Denote by D andD the Levi-Civita connections of (R m+p , ·, · ) and (R m+p ,ḡ) withḡ = e − |x| 2 m ·, · ), respectively. For any given frame field {e A ; A = 1, 2 · · · , m+p}, the corresponding connection coefficients of D andD are respectively denoted by Γ C AB andΓ C AB , where we assume that A, B, C, · · · = 1, 2, · · · m + p. Then by a easy computation using the Koszul formula we can find
Now given an immersion x : M m → R m+p , the induced metric on M m by x of the ambient metricḡ will still be denoted byḡ. Choose a frame field {e i , e α } along x such that e i , i = 1, 2, · · · , m, are tangent to M m and e α , α = m + 1, · · · , m + p are normal to x * (T M m ) satisfying e α , e β ≡ g(e α , e β ) = δ αβ . Then by the Gauss formula and (3.1) or (3.2), we find the relation between the second fundamental formsh and h is as follows:h
where h ij = h(e i , e j ) = D ej e i ⊥ . It follows that the mean curvature vectors satisfȳ
Now we compute the covariant derivative of the modified mean curvatureH ≡ e
2mH with respect to the normal connectionD ⊥ . First we note that, sinceḡ is conformal to ·, · on R m+p , {e α } which satisfies e α , e β = δ αβ remains a normal frame field of x considered as the immersion into (R m+p ,ḡ), of course not orthonormal anymore. Thus we can writẽ
where H = H α e α . Note that by (3.1),
The following conclusion is direct by (3.4):
m+p is a self-shrinker if and only if it is minimal when viewed as a submanifold of the Gaussian space (R m+p ,ḡ).
Variational characterizations
In this section, we first define two functionals and derive the corresponding first and second variation formulas, aiming to establish variational characterizations of the ξ-submanifolds.
For a given manifold
and let ξ : M m → R m+p be a vector-valued function on the manifold M m . Then we can naturally introduce as follows two kinds of interesting functionals V ξ andV ξ on M which are parametrized by ξ:
where for any
and dV x is the volume element of the induced metric g x of x. Remark 4.1. (1) These two functionals V ξ andV ξ are both of weighted volumes in a sense since, for example, the weighted volume element e − 1 2 |x−ξ| 2 dV x corresponding to the first one can be viewed as induced from an unnormalized "general Gaussian measure" on the ambient Euclidean space R m+p with "mean" ξ.
Note that when ξ is constant as in the case of m-planes, 2 . Also, the weightfunction e −f or e −f naturally has a close relation with the definition of the Hermitian Polynomials (see, for example, G. Dattoli, A. Torre, S. Lorenzutta, G. maino and C. Chiccoli, Multivariable Hermite Polynormials and Phase-Space Dynamics, on the website: http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19950007516.pdf). These polynomials will also be used later in our stability discussion in Section 5.
(2) All of the canonical ξ-submanifolds (that is, m-planes P m , standard m-spheres S m (r)) and their products (2.6) have finite values for both the functionals V ξ andV ξ , where ξ is chosen to be H + x ⊥ .
Now let x ∈ M be fixed with the induced Riemannian metric g := x * ·, · and suppose that F :
m+p is a variation of x with η := F * ( ∂ ∂t )| t=0 being the the corresponding variation vector field. For p ∈ M , t ∈ (−ε, ε), denote
where (u i ) is a local coodinates on M . We always assume that, for each t ∈ (−ε, ε), Theorem 4.1 (The first variation formula). Let F be a compact variation of x. Then
where H t is the mean curvature vector of the immersion x t , ∇ t is the gradient operator of the induced metric g xt and dV t = dV xt .
In particular, if F is a normal variation of x, that is,
Proof. For simplicity, we shall always write f = f t in the computation. It is well known that
Thus by using the divergence theorem, we find
which gives (4.2). The other formula (4.3) is derived in the same way. ⊔ ⊓
Corollary 4.2 (Variational characterizations).
An immersion x ∈ M is a ξ-submanifold if and only if there exists a parallel normal vector field ξ ∈ Γ(T ⊥ M ) such that x is the critical point of both the functionals V ξ ,V ξ for all the compact normal variations of x.
To find the second variational formulas, we suppose that x is a ξ-submanifold, that is, H + x ⊥ = ξ, where ξ is a parallel normal vector of x. In particular, |ξ| 2 is a constant. Note that in this case, the two functionals V ξ andV ξ are essentially the same. So in the argument that follows we only need to consider V ξ .
Suppose that F is a compact normal variation of x. Then
On the other hand
and by the flatness of R m+p ,
where A η is the Weingarten operator of x with respect to the variation vector η. Moreover
It then follows that
where
Meanwhile,
Note that the ambient space R m+p is flat and |ξ| 2 is constant on M m . Thus, by summing up, we have proved the following second variation formulas for ξ-submanifolds:
In order to simplify the second variation formulas we introduce the following definition:
R m+p is called specially normal (or simply SN ) if it is normal and
Clearly, for any η ∈ Γ(T ⊥ M ), SN -variations with variation vector field η do exist. For example, we can choose
where ψ is any smooth function satisfying
Corollary 4.4 (The simplified second variation formulas).
Remark 4.2. From the above discussion, one may naturally think of the variational characterization of the usual submanifolds with parallel mean curvature vector in the Euclidean space. In fact, our computations and argument of those two sections essentially apply to this situation. In particular, a suitable functionalṼ ξ may be defined bỹ
x,ξ dV x , ∀x ∈ M and the first variation formula ofṼ ξ is given in the following Proposition 4.5. Let x ∈ M be fixed and ξ : M m → R m+p be a smooth map. Suppose that F is a compact variation of x. Theñ
In particular, if F is a normal variation of x, theñ Moreover, the second variation formula for a submanifold x : M m → R m+p with parallel mean curvature vector H ≡ ξ should be described as Theorem 4.7. Let x : M m → R m+p be an immersed submanifold with parallel mean curvature H. Then for any compact normal variation F :
The instabilities of the canonical examples
The most natural stability definition to the functional V ξ is as follows:
In this section we shall show that, as ξ-submanifolds, all the canonical examples given in Section 2 are not stable in the sense of Definition 5.1.
Write the second fundamental form h of x locally as h = h ij ω i ω j = h α ij e α with respect to an orthonormal tangent frame field {e i ; 1 ≤ i ≤ m} with dual {ω i } and an orthonormal normal frame field {e α ; m + 1 ≤ α ≤ m + p}, and denote
m respectively, and sometimes we shall omit the subscript " M m " if no confusion is made. It follows that
and that, for any parallel normal vector field N ,
Proof. We compute directly
one of which is compactly supported, it holds that
Similarly, for any φ 1 , φ 2 ∈ C ∞ (M m ) one of which is compactly supported, it holds that
Proof.
To prove the two formulas, it suffices to use the Divergence Theorem and the following equalities:
Proof. By (5.4) and (5.6), we find
⊔ ⊓ Proposition 5.4. As ξ-submanifolds, all m-planes in R m+p are not stable.
For an m-plane x : P m ⊂ R m+p , let o be the orthogonal projection on P m of the origin O.
Then ξ = → Oo. Denote by B R (o) ⊂ P the closed ball of radius R > 0 centered at the fixed point o:
Let N be a unit constant vector in R m orthogonal to P m and φ R be a cut-off function on P m satisfying
Define η R = φ R N . Then η R is compactly supported and can be chosen a variation vector field for some SN -variation. By (5.9) and (5.3),
when R → +∞ since P m e −f dV < +∞. Thus for large R we have Q(η R , η R ) < 0. ⊔ ⊓ Proposition 5.5. As ξ-submanifolds, the standard m-spheres S m (r) are all non-stable.
For the standard sphere S m (r) ⊂ R m+1 ⊂ R m+p , we have h = − 1 r 2 g x, x ⊥ = x and ξ = − m r 2 + 1 x. Choose the variation vector field η = x so that Lη = 0. It follows that
S m (r) e −f dV S m (r) < 0.
⊔ ⊓
From Proposition 5.4 and Proposition 5.5, we easily find
A more general conclusion than Proposition 5.5 is the following Proposition 5.7. Let x : M m → R m+p be a compact ξ-submanifold. If x has a non-trivial parallel normal vector field, then x is not stable. In particular, all compact λ-hypersurfaces and compact ξ-submanifold with ξ = 0 are not stable.
Proof.
Let η = 0 be a parallel normal vector field. Then η can be chosen to be a variation vector field of some SN -variation F of x. Since
⊔ ⊓ Corollary 5.8. Any compact and simply connected ξ-submanifold with flat normal bundle is not stable.
The W -stability of ξ-submanifolds
By the discussion of last section, it turns out that the stability given in Definition 5.1 is over-strong in a sense. So it is natural and interesting to find some weaker stability for ξ-submanifolds. Motivated by the "volume-preserving" variations in the case of hypersurfaces (see [27] ), we introduce the W -stability in the following way.
Remark 6.1. It is clear that, in the special case of codimension 1, a V P -variation is nothing but the "volume-preserving" one which has been considered in [27] . 
Proof.
For an m-plane x : P m ⊂ R m+p , let η be an arbitrary normal vector field on P m with compact support. Then we have A η ≡ 0, x − ξ = x ⊤ and
Clearly, there are constant normal basis e α , α = m + 1, · · · , m + p. So η can be expressed by η = η α e α with η
Now we make the following
Claim: the eigenvalues of the operator −L are n − 1 with n = 0, 1, · · · .
To prove this claim, we need to make use of the multi-variable Hermitian polynomials H n1···nm on R m , labelled with 0 ≤ n 1 , · · · , n m < +∞, which are defined by the expansion (see [13] and [14] for the detail)
or equivalently
3)
It is clear that
where, for each i = 1, · · · , m, H ni (u i ) is the Hermitian Polynomial of one variable u i defined by
By (6.5), we easily find that
Consequently, by (6.4), we have
It is known that all these multi-variable Hermitian polynomials are weighted square integrable with the weight e
. By making a change of coordinates on R m+p we can assume x i − ξ i = u i , i = 1, 2, · · · , m, for x ∈ P m . Thus (6.8) shows that −L + 1 has n = 0, 1, · · · as its eigenvalues, or equivalently, n − 1 = −1, 0, 1, · · · are eigenvalues of −L where constants are those eigenfunctions corresponding to −1.
To complete the claim, we also have to show that {H n1···nm ; n 1 , · · · , n m ≥ 0} is a complete basis for the space S 
For any ϕ ∈ E, we have
It then easily follows from (6.3) that F (ϕe −f ) = 0 where F is the usual multi-variable Fourier transformation. Since F is injective, we obtain that ϕe −f = 0 implying ϕ ≡ 0. This shows that E = 0 and thus
Now suppose η is a compact normal vector field that can be taken as a V P -variation vector field. Then for each α, we have
SinceL is self-adjoint with respect to the weighted measure e −f dV , we know that it is diagonalizable, that is, any compactly supported smooth function can be decomposed into a sum of some eigenfunctions ofL. In particular, we can write for each α = m + 1, · · · , m + p,
Furthermore, the self-adjointness ofL also implies that, for each pair of k = l, η α k and η α l are orthogonal, that is
Since η is a V P -variation vector field, we have by (6.10) and (6.1) that P m η α e −f dV = 0 for all α = m + 1, · · · , m + p. It then follows from (6.11) that η
Consequently, we have
⊔ ⊓ Theorem 6.2. As a ξ-submanifold, the index ind(S m (r)) of the standard m-sphere S m (r) with respect to V P -variations is no less than m + 1. Furthermore, ind(S m (r)) = m + 1 if and only if r 2 ≤ m. In particular, all of these spheres are not W -stable.
Proof.
For the standard sphere
2 )x and, for all parallel normal vector field N orthogonal to x, L(N ) = N . Let e m+2 , · · · , e m+p be an othonormal constant basis of the subspace (Span {T S m (r), x}) ⊥ ⊂ R m+p . Then e m+1 :≡ 1 r x, e m+2 , · · · , e m+p is an othonormal normal frame field of S m (r) and
Now for any η ∈ Γ(T ⊥ S m (r)) we can write
Then by (5.4) and (6.12)
(η α )e α whereL = △ S m (r) + 1. Furthermore, let λ k , k ≥ 0 be the eigenvalues ofL and write
It is well-known that the eigenvalues of −△ S m (r) is
with constants being the eigenfunctions corresponding to k = 0. But by (6.1), S m (r) η α e −f dV S m (r) = 0 which implies that η α 0 = 0. Therefore, The main motivation here is the idea used by [27] and we need to extend it to fit our consideration of higher codimension.
To prove Theorem 7.1, we may first make use of the universal covering to assume that M m is simply connected. Then that x has a flat normal bundle implies the existence of a parallel orthonormal normal frame {e α ; m + 1 ≤ α ≤ m + p}.
Lemma 7.4. Let x be a ξ-submanifold. Then for any constant vector v ∈ R m+p and any parallel normal vector field N , we haveL Proof. By using Weingarten formula and the equality that
⊔ ⊓
From (5.3), (7.1) and (5.4) we can easily find Lemma 7.5. For a ξ-submanifold x, it holds that
In what follows, we always assume that the condition (1.4) is fulfilled. In this case, (7.1) and (7.2) reduce respectively toL
Proof. By (5.3) and (7.3),
Proof.
For any η ∈ W ∩ V ⊥ , we have η = v ⊥ = c α e α for some v ∈ R m+p and c α ∈ R. Then it follows from (5.3) and (5.4) that
Thus h, v ⊥ = 0 or equivalently A v ⊥ = 0 which with the fact that v ⊥ is parallel in the normal bundle shows that v ⊥ must be a constant vector.
The inverse part is trivial.
giving the corresponding L 
V is finite dimensional which implies that the standard sphere S = {η ∈ V ; η 2,w = 1} ⊂ V is compact. Now we consider the compact case and prove the following Proposition 7.8. Any compact ξ-submanifold, satisfying condition (1.4), with parallel normal bundle can not be W -stable.
Proof. It suffices to show that both of the following two are true:
(1) Q is negative definite on V and, consequently, is negative definite on V
In fact, the conclusion (1) follows directly from Lemma 7.6 by choosing φ ≡ 1; while conclusion (2) follows from the fact that the converse of (2) would imply that M m = R m , by the argument at the end of this paper, which contradicts the compactness assumption.
⊔ ⊓
Next we consider the non-compact case and thus assume that x : M m → R m+p is a complete and non-compact ξ-submanifold.
Let o be a fixed point of M andō = x(o). For any R > 0 we defineB R (ō) = {x ∈ R m+p ; |x −ō| ≤ R} and introduce a cut-off functionφ R as follows (cf. [27] ):
is compact since x is properly immersed. In particular, φ R is compactly supported. Furthermore, it is easily seen that |∇φ R | ≤ |Dφ R | ≤ 1 R . Lemma 7.9. There is a large R 0 > 0 such that
Proof. If the lemma is not true, then one can find a sequence {η j } ⊂ S such that
By the compactness of S, there exists a subsequence {η j k } which is convergent to some η 0 ∈ S. For any R > 0, there exists some K > 0 such that j k > R for all k > K. It follows that
Thus we have η 0 = 0 contradicting to the fact that η 0 ∈ S. ⊔ ⊓ For each R > 0, define
Clearly,
Moreover, m R is increasing with respect to R which together with Lemma 7.9 gives that
Lemma 7.10. There exists a large R 0 , such that
Proof. First, we prove dim φ R V = dim V for all R ≥ R 0 if R 0 is large enough. For a given R > 0, consider the surjective linear map
We claim that, when R 0 is large enough, the kernel ker Φ R0 of Φ R0 must be trivial. In fact, if it is not the case, there should be a nonzero sequence {η j ∈ V } such that φ j η j = 0. Defineη j = ηj ηj 2,w . Then φ jηj = 0, and {η j } is contained in the standard sphere S. The compactness of S assures that, by passing to the subsequence if possible, we can assume thatη j →η 0 ∈ S. Consequently, we havẽ η 0 = lim j→+∞ φ jηj = 0 which is not possible! So there must me a large R 0 > 0 such that ker Φ R0 = 0 and the claim is proved.
For any R ≥ R 0 , it is easily seen that ker Φ R ⊂ ker Φ R0 which implies that ker Φ R = 0 and φ R V ∼ = V . In particular, dim φ R V = dim V .
That dim φ R V ⊥ 1 = dim V ⊥ 1 follows in the same way. Next we are to find a larger R ≥ R 0 such that Q is negative definite on φ R V . For this, we first note that |∇φ R | supports in B 2R (o)\B R (o) and |∇φ R | ≤ 1 R , and then use Lemma 7.6 to conclude that, for all η ∈ S Q(φ R η, φ R η) ≤ − Note we only care about v ⊥ here and there is nothing to do with v ⊤ . Therefore, by (7.9)-(7.11) and Lemma 7.9, there must be an R 0 large enough such that Q(φ R η, φ R η) < 0 for all η ∈ S, R ≥ R 0 . Then the conclusion that Q is negative definite on φ R V follows directly from the bi-linearity of Q.
⊔ ⊓ Lemma 7.11. Under the complete and non-compact assumption, we have
Proof. Let W ⊥ be the orthogonal complement of W in the space Γ ∞,2
w -smooth normal sections. For any given R > 0, define a subspace
of W ⊥ and a linear map Ψ R :
Claim: There must be a large R > 0 such that ker Ψ R = 0.
In fact, if this is not true, then we can find a sequence {v Theorem 7.1 is proved.
